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For every planar straight line graph (Pslg), there is a vertex-face assignment such that
every vertex is assigned to at most two incident faces, and every face is assigned to
all its reﬂex corners and one more incident vertex. Such an assignment allows us to
augment every disconnected Pslg into a connected Pslg such that the degree of every
vertex increases by at most two.
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1. Introduction
A planar straight line graph (for short, Pslg) G partitions the plane into connected components, which are the faces of the
graph. Every Pslg G has an unbounded outer face, all remaining faces are bounded faces. Let V (G) and F (G) denote the set
of vertices and faces, respectively, of a Pslg G . A corner of a Pslg G is an angular domain whose apex is a vertex v ∈ V (G)
and lies between two rays along two edges that are consecutive in the circular order of all edges incident to v . Every corner
is incident to a unique face, which lies between these two edges in the neighborhood of the apex. Since faces of a Pslg are
not necessarily simple polygons, several corners with the same apex may be incident to the same face. A corner is reﬂex if
the corresponding angle is greater than 180◦ . A vertex v ∈ V is pointed if it is the apex of a (unique) reﬂex corner.
A vertex-face assignment A for G is a multiset of corners of G . If there is a corner a ∈ A with apex at vertex v and
incident to face f , then we say that vertex v is assigned to face f , and vice versa, face f is assigned to vertex v . Since A is
a multigraph, a vertex (face) may be assigned to the same face (vertex) several times. Our main result relates vertices and
faces through a special type of vertex-face assignment.
Deﬁnition 1. Given a Pslg G and a vertex v0 ∈ V (G), a vertex-face assignment is a -assignment if it satisﬁes the following
conditions (refer to Fig. 1):
(1) every face is assigned to the apexes of all its reﬂex corners;
(2) every face having r reﬂex corners is assigned to at least r + 1 (not necessarily distinct) vertices;
(3) every vertex is assigned to at most two (not necessarily distinct) faces;
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D.L. Souvaine, C.D. Tóth / Computational Geometry 42 (2009) 388–394 389Fig. 1. Three Pslgs on the same vertex set, including a vertex v0, and -assignments. Corners in a -assignment are marked with arrows. (a) A triangulation
with n = 8 vertices, k = 5 of which are on the convex hull; (b) a pointed Ptn with n = 8 vertices, all of which are pointed; and (c) a Ptn with n = 8
vertices, m = 1 of which is non-pointed.
(4) v0 is assigned to at most one face.
Little seems to be known about vertex-face assignments. Brooks et al. [2] showed that a -assignment exists for even
degree triangulations. In fact, it is not too diﬃcult to construct a -assignment for every triangulation with an arbitrary
vertex v0. We show the following theorem.
Theorem 2. For every Pslg G and every vertex v0 ∈ V (G), there is a -assignment.
The upper bound of two (one for v0) on the number of faces assigned to a vertex and the lower bound of r + 1 on the
number of vertices assigned to a face with r reﬂex corners are tight for a large class of Pslgs. For example, the triangulation
on n  3 points in general position in the plane has 2n − k − 1 faces if there are k, 3  k  n vertices on the convex hull
(Fig. 1(a)). The outer face has k reﬂex corners, all other faces are triangles. Therefore, a -assignment maps the 2n − k − 1
faces to a total of at least (2n − k − 1) + k = 2n − 1 vertices, and the n vertices are assigned to at most 2n − 1 faces.
Theorem 2 is similarly tight for pseudo-triangulations (Ptns). A Ptn is a Pslg where the outer face has no convex corners,
and every bounded face has exactly three convex corners. A Ptn is pointed if all vertices are pointed. Consider a Ptn G with
n vertices, m of which are non-pointed. It is easy to see that G has n+m−1 faces [10]. The n+m−1 faces have n−m reﬂex
corners in total, and so a -assignment maps these faces to at least (n +m − 1) + (n −m) = 2n − 1 vertices (Fig. 1(b–c)).
Recently, Hoffmann and Tóth [7] conjectured that every Pslg has a -assignment with the additional condition that every
bounded face is assigned to the apex of at least one of its convex corners. We refute this conjecture and show that such an
assignment does not always exist.
Proposition 3. For every n ∈ N, there is a connected Pslg Γ of at least n vertices with the property that for every -assignment of Γ
there is a bounded face f ∈ F (Γ ) which is not assigned to any convex corner of f .
An application in constructing encompassing graphs. A Pslg is not necessarily connected. An encompassing graph for
a Pslg G is a connected Pslg on the same vertex set that contains all edges of G . A minimal encompassing graph for a
Pslg is similar to a spanning tree for a planar point set. The key difference is, though, that the edges connecting disjoint
components of a Pslg G are pairwise noncrossing and they cannot cross the edges of G .
Bose, Houle, and Toussaint [1] proved that every planar straight line matching (i.e., disjoint line segments in the plane)
has an encompassing tree of maximum degree at most three. Hoffmann and Tóth [7] have generalized this result and
proved that every planar straight line forest can be augmented to an encompassing tree such that the degree of every vertex
increases by at most two. As a consequence of Theorem 2, we can now extend their result to arbitrary Pslgs.
Theorem 4. Every Pslg G can be augmented to an encompassing graph of G such that the degree of every vertex increases by at most
two.
Organization. In the next section, we prove Theorem 2. In Section 3, we present a family of Pslgs that proves Proposi-
tion 3. An application involving encompassing graphs can be found in Section 4, and we conclude with a few open problems
in Section 5.
2. Proof of Theorem 2
We construct an assignment for a Pslg in four steps. We ﬁrst prove Theorem 2 for pointed Ptns and combinatorial
pointed Ptns. We then extend the assignment for Ptns and for arbitrary Pslgs.
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2.1. Pointed pseudo-triangulations
It is well known that pointed Ptns are related to rigidity theory. Henneberg [5] deﬁned two (rigidity preserving) opera-
tions for abstract graphs almost one hundred years ago. Restricting these operations for the vertices along a face, planarity
is preserved. There are two planar Henneberg operations for a Pslg:
H1 Consider two vertices u, v along a face f . Add a new vertex w in the interior of f , and split f into two faces by two
new edges uw and vw . (Fig. 2)
H2 Consider an edge u1u2 and a vertex v along a face f . Replace edge u1u2 by a path (u1,w,u2) where w is a new
vertex, and split face f into two faces by a new edge vw . (Fig. 2, right)
Recently, Haas et al. [4] proved a planar decomposition theorem for pointed Ptns.
Theorem 5. (See Haas et al. [4].) Given a pointed Ptn G and a vertex v0 ∈ V (G), there is a sequence (G0,G1, . . . ,Gk) of pointed Ptns
such that G0 is a triangle u0v0w0 , Gk = G, and Gi+1 is obtained from Gi by a planar Henneberg operation for i = 0,1, . . . ,k − 1.
Lemma 6. Every pointed Ptn has a -assignment.
Proof. Consider the sequence (G0,G1, . . . ,Gk) of pointed Ptns from Theorem 5. Every vertex in every Gi , i = 0,1, . . . ,k− 1,
is pointed. For every vertex v , the incident reﬂex corner must participate in a -assignment. By discarding these pairs, we
obtain a reduced -assignment, which satisﬁes the following conditions: (i′) every face is assigned to at least one vertex;
(ii′) every vertex is assigned to at most one face; (iii′) v0 is not assigned.
It suﬃces to ﬁnd a reduced -assignment for every Gi , i = 0,1, . . . ,k − 1. The initial graph G0 has two faces: the outer
face f0 and a triangle f = u0v0w0. Let A′(G0) = {(u0, f0), (w0, f )}, which is a reduced -assignment.
Consider a pointed Ptn Gi with a reduced -assignment A′i . We obtain Gi+1 from Gi through operation H1 or H2. Both
H1 and H2 split a face f ∈ F (Gi) into two faces, f1 and f2, and insert a new vertex w incident to both f1 and f2. All other
faces f3 ∈ F (Gi), f3 = f , remain incident to all vertices they were incident to in Gi . Suppose A′i assigns f to a vertex v1
and w.l.o.g. v1 is incident to f1. We obtain a reduced -assignment A′i+1 = A′i − {(v1, f )} + {(v1, f1), (w, f2)} that assigns
the new vertex w to f2. 
2.2. Pointed combinatorial pseudo-triangulations
Haas et al. [4] deﬁned the combinatorial pseudo-triangulation, which replaces the intuitive notion of reﬂex and convex
corners by abstract ones. A combinatorial pseudo-triangulation (Cptn) is a Pslg where every corner is labeled either big or
small; every vertex is the apex of at most one big corner; every corner of the outer face is labeled big, and every bounded
face has exactly three corners labeled small. In particular, a Ptn with the natural labeling (where reﬂex corners are big and
convex corners are small) is a Cptn. A vertex of a Cptn is pointed if it is the apex of a big corner, and a Cptn is pointed if
all its vertices are pointed.
Haas et al. [4] proved that every pointed Cptn can be realized (with the same vertex-face incidence structure) as a
pointed Ptn. If we deﬁne a combinatorial -assignment to be a vertex-face assignment that satisﬁes all four conditions in
Deﬁnition 1 of -assignments with big corners instead of reﬂex corners, then we obtain immediately the following lemma.
Lemma 7. Every pointed Cptn has a combinatorial -assignment.
2.3. Pseudo-triangulations
Next, we would like to construct arbitrary Ptns with local planar operations, similarly to the planar Henneberg construc-
tion of pointed Ptns. We deﬁne one more operation, which splits a face by a new edge without adding new vertices (refer
to Fig. 3).
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H3 Consider two non-adjacent pointed vertices, u and v , along a face f such that a big corner a with apex at u is incident
to f . Add a new edge uv that splits f into two faces and splits the big corner a into two small corners. The edge uv
splits a corner at v into two corners, which are labeled big or small such that v remains incident to exactly one big
corner (that is, u becomes non-pointed, and v remains pointed).
We cite a recent result by Orden et al. [9].
Theorem 8. (See Orden et al. [9].) Given a Ptn G and a vertex v0 ∈ V (G), there is a sequence (G0,G1, . . . ,Gk) of Cptns such that G0
is a pointed Cptnwith v0 ∈ V (G0), Gk = G with the natural labeling of corners, and Gi+1 is obtained from Gi by operation H1 or H3,
for i = 0,1, . . . ,k − 1.
Note that the detour via Cptns are, indeed, necessarily for Theorem 8. The Ptn on the right of Fig. 3 cannot be obtained
from another Ptn by an operation H1 or H3.
Lemma 9. Every Ptn has a -assignment.
Proof. Consider the sequence (G0,G1, . . . ,Gk) of Cptns from Theorem 8. Similarly to the proof of Lemma 6, we may ignore
the assignment of pointed vertices to the faces at which they are big. It is enough to ﬁnd a reduced -assignment that satisﬁes
these conditions: (i′) every face is assigned to at least one vertex; (ii′) every pointed (non-pointed) vertex is assigned to at
most one face (two faces); (iii′) If v0 is pointed (non-pointed) then it is not assigned (assigned to at most one face).
Consider a Cptn Gi with a reduced -assignment A′i . We obtain Gi+1 from Gi via operation H1 or H3. In case of operation
H1, we repeat the argument in the proof of Lemma 6. Operation H3 inserts a new edge uv and splits a face f ∈ F (Gi) into
two faces, f1 and f2. All other faces f3 ∈ F (Gi), f3 = f , remain incident to the same vertices. Suppose A′i assigns f to a
vertex v1 and w.l.o.g. v1 is incident to f1. We obtain a reduced -assignment A′i+1 = A′i − {(v1, f )} + {(v1, f1), (u, f2)} that
assigns vertex u, which was pointed in Gi but becomes non-pointed in Gi+1, to face f2. 
2.4. Arbitrary Pslgs
Given a Pslg G , augment G to a Ptn G ′ such that every pointed vertex of G remains pointed: insert edges greedily so
that no new edge crosses any previous edge or partitions any reﬂex corner into two convex corners [10].
Proof of Theorem 2. Augment a Pslg G to a Ptn G ′ by adding a set E of edges while keeping all pointed vertices pointed.
The Ptn G ′ has a -assignment by Lemma 9. Then remove the edges of E one-by-one and maintain a -assignment. When
an edge uv ∈ E is removed, let f1 and f2 denote the two faces along uv . If f1 = f2 then do not change the assignment. If
f1 = f2, then the removal of edge uv merges the faces f1 and f2 into a single face f = f1 ∪ f2. Update the assignment by
reassigning to f all vertices previously assigned to f1 or f2. Since no edge removal merges two convex corners into a reﬂex
corner, the resulting assignment is a -assignment for G ′ . 
Computational complexity. For a given pointed Cptn with n vertices, Haas et al. [4] compute a sequence of planar
Henneberg operations in O (n) time (in fact, they compute the sequence of reverse operations), and so a -assignment can
also be constructed in O (n) time. For a given Cptn with n vertices, one can compute a sequence of H1 and H3 operations
to obtain a pointed Cptn in O (n) time by results of Orden et al. [9] (again, computing the reverse sequence ﬁrst), and so a
-assignment can also be constructed in O (n) time.
Finally for a given Pslg G with n vertices, we compute a minimal encompassing pseudo-triangulation T (G) in O (n logn)
time (e.g., by computing the convex hull in O (n logn) time and then a geodesic triangulation on the convex angles in all
resulting bounded faces in O (n) time [3]). Every pointed vertex of G remains pointed in the minimal encompassing Ptn
T (G) [10]. T (G) is planar and so it has at most O (n) more edges than G . While deleting these edges one-by-one, we
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compute a -assignment for G from a -assignment of T (G) in O (n logn) time. The total time complexity of our algorithm
for computing a -assignment for a Pslg G on n vertices is O (n logn).
3. A negative result
In this section, we prove Proposition 3. Consider the pointed Ptn Γ with 9 vertices depicted in Fig. 4(a). We argue that
for any -assignment of Γ , there is a pseudo-triangle face assigned to its reﬂex corners only.
Suppose, to the contrary, that every bounded face of Γ is assigned to the apex of a convex corner. Consider the six
bounded faces along the triangle 123. All convex vertices of these faces are in the six element set {1,2,3,4,5,6}. Since the
outer face has reﬂex corners only, one of the vertices {1,2,3} is assigned twice to the outer face. This vertex cannot be
assigned to any bounded face. A contradiction—a -assignment cannot assign any convex corner to one of the quadrilaterals
in {1675,3594,2486}.
Deform the Pslg Γ so that its convex hull is a skinny triangle but all its reﬂex (convex) corners remain reﬂex (convex).
For any k ∈N, glue together k deformed copies of Γ as depicted in Fig. 4(b) such that the convex hull of the resulting graph
Γk is a convex (k + 2)-gon. Since the outer face has reﬂex corners only, a convex hull vertex v is assigned to the outer face
twice. Consider a (deformed) copy Γv of Γ incident to v . The argument above shows that a -assignment cannot assign any
convex corners to one of the quadrilateral faces of Γv .
4. Encompassing graphs
In this section, we present an application of -assignments and construct an encompassing graph for a disconnected
Pslg.
Proof of Theorem 4. Consider a Pslg G with k, k > 1, connected components C0,C1, . . . ,Ck−1. We augment G into a con-
nected Pslg inductively. We initiate our algorithm by choosing an arbitrary vertex v0 ∈ V (C0) and setting B0 := C0. In
step i = 0,1, . . . ,k − 1, we insert a directed edge ei = −−−−−→ui vi+1, where ui ∈ V (Bi) and vi+1 ∈ V (G − Bi). Let Ci+1 denote the
component of G containing vi+1 and put Bi+1 = Bi + Ci+1 + ei . The set of new edges is denoted by E = {e0, e1, . . . , ek−1}.
During our algorithm we choose a special vertex vi for every component Ci . Once vertex vi ∈ V (Ci) is selected, we
compute a -assignment Ai for Ci and vi . The union A =⋃k−1i=0 Ai is a -assignment for G and v0, where at most one face
is assigned to every vi . The following property guarantees that the degree of every vertex w ∈ V (G) increases by at most
two. For every corner a ∈ A, we are allowed to add one new outgoing edge −→uv lying in the angular domain a with its tail u
at the apex of a (if multiple copies of a corner a are in A, we allow multiple edges −→uv).
Induction step. The edge ei cannot cross any edge of Gi = G +{e0, e1, . . . , ei−1}. We use the concept of visibility to avoid
crossings. A corner a with apex at vertex v sees a point p in a polygon h if p lies in the angular domain a and the relative
interior of the segment vp lies in int(h). The new edge ei should connect a corner of Bi to a visible vertex of Gi − Bi in a
face of Gi .
We introduce an auxiliary structure on the faces of Bi , i = 0,1, . . . ,k. Let F̂ (Bi) denote the faces of G incident to Bi . For
each face f ∈ F̂ (Bi), we maintain a set H( f ) of polygons with pairwise disjoint interiors whose vertices are vertices of f
and lie in f . For each h ∈ H( f ), we also maintain a stem corner a(h). Initially, let H( f ) = { f } for every face f ∈ F̂ (B0), and
let the stem corner a( f ) be the corner assigned to f by the reduced -assignment A′0(B0).
In order to ﬁnd the edge ei , we explore a face of F̂ (Bi) with successive visibility polygons. Let Vis(h) ⊂ h be the set of all
points visible from the corner a(h) in h. Note that h is a polygon but some vertices of Vis(h) may lie in the relative interior
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components of h \ CVis(h) (right).
of a side of h. Denote the set of these vertices by X(h). Next, we deﬁne a slightly bigger polygon CVis(h), Vis(h) ⊂ CVis(h),
whose vertices are vertices of G . (Refer to Fig. 5.) For every vertex x ∈ X(h) lying in the relative interior of a side s of h,
there is a reﬂex corner y along the ray
−−−−→
a(h)x and one endpoint z of the side s is separated from Vis(h) by segment xy.
The segments xy and xz, together with the shortest path homotopic to (y, x, z) in h form a polygon Px . Let CVis(h) =
Vis(h) ∪⋃x∈X(h) Px .
We present an algorithm for ﬁnding a corner of Bi that sees a vertex of G − Bi in some polygon h ∈ H( f ) for some face
f ∈ F̂ (Bi).
(1) Consider a face f ∈ F̂ (Bi) and a polygon h ∈ H( f ) incident to both Bi and Gi − Bi .
(2) Repeat until some vertex of Gi − Bi is visible from a(h) in h.
• Delete h from H( f ), and insert instead all connected components of h \ CVis(h).
• For each connected component h′ of h \ CVis(h), the common boundary of CVis(h) and h′ partitions a reﬂex corner of
h into two corners (one lying in Vis(h) and a convex corner lying in h′); let a(h′) be the part of such a corner lying
in h′ .
• Let h be a polygon in H( f ) that contains a component of Gi − Bi .
(3) If a vertex adjacent to the apex of a(h) along the boundary of h is a vertex of Gi − Bi , then let us denote it by v(h);
otherwise let v(h) be any vertex of Gi − Bi visible from a(h).
(4) Return ei = −−−−−−−→a(h)v(h).
The algorithm terminates because each iteration reduces the total number of corners of the polygons in H( f ). Observe
that every stem corner a(h), h ∈ H( f ), is part of a corner assigned to f by the -assignment A (that is, a reﬂex corner or a
corner assigned to f by a reduced -assignment A′). Moreover, the boundary of every polygon h, h ∈ H( f ), is incident to at
most two components of Gi ; and if h ∈ H( f ) is incident to two components of Gi , then a side incident to the stem corner
a(h) connects these components.
Once the edge ei = −−−−−→ui vi+1 between Bi and a component Ci+1 ⊂ G − Bi is found, we put Bi+1 = Bi + Ci+1 + ei and
compute a -assignment Ai+1 for Ci+1 and vi+1. Every face of F̂ (Bi+1) is the face of F̂ (Bi) or F̂ (Ci+1). There is a unique
face f ∈ F (G), and a unique polygon h ∈ H(F ) incident to both Bi and Ci+1. Since we insert the edge ei into our Pslg,
we replace polygon h by h′ = h \ ei in H( f ). Note that ei does not disconnect polygon h (that is, int(h′) is connected),
because either Ci+1 lies in the interior of h or edge ei lies on the boundary of h. We set the stem a(h′) to be a corner of
Ci+1 assigned to f by the reduced -assignment A′i+1. Similarly, in every face f
′ ∈ F̂ (Bi+1) incident to Ci+1 only, we set
H( f ′) = { f ′} and let the stem a( f ′) be the corner assigned to f ′ by the reduced -assignment A′i+1.
After repeating the induction step k times, we obtain a connected Pslg Gk . At every vertex of G , we have added at most
as many new outgoing edges ei ∈ E as the number of faces assigned to it by the -assignment A. Every time when we
added a new edge e ∈ E with its tail at a corner a in a face f ∈ F (G), corner a was the stem of a polygon h ∈ H( f ). After
such an edge was inserted, the stem corner of the new polygon h′ = h \e was set to be another corner with a different apex.
A vertex v ∈ V (G) could become the apex of a stem corner a of some h ∈ H( f ), f ∈ F (G), if the corner a was a assigned
to f by the reduced -assignment A′ or a was a reﬂex corner. Since every vertex of G is assigned to at most two (not
necessarily distinct) faces in a -assignment A, we have increased the degree of each vertex by at most two. This completes
the proof of Theorem 4. 
5. Open problems
Several problems related to -assignments remain open. In Section 2, we have constructed a -assignment for every
Pslg. We do not know how many -assignments exist for a given Pslg G and v0 ∈ V (G). Is there a Pslg with a unique
-assignment?
One can deﬁne combinatorial -assignments by labeling the corners of a Pslg small or big as in Subsection 2.2. We have
shown in Subsection 2.3 that every Cptn obtained from a pointed Cptn through operations H1 and H3 has a combinatorial
-assignment. Is it true that every Cptn has a combinatorial -assignment?
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a bounded degree encompassing Ptn [6,8]. Can every Pslg with n vertices be augmented to a Ptn so that the degree of
every vertex increases by O (1)?
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